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Perturbations of positive semigroups on Lp-spaces
Christian Seifert Marcus Waurick
Abstract
We give a characterization of a variation of constants type estimate relating two
positive semigroups on (possibly different) Lp-spaces to one another in terms of cor-
responding estimates for the respective generators and of estimates for the respective
resolvents. The results have applications to kernel estimates for semigroups induced
by accretive and non-local forms on σ-finite measure spaces.
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1 Introduction
In this note, we shall further investigate a result recently obtained in [15]. In that article, the
authors gave a semigroup-theoretic proof of a perturbation result obtained in [6, Lemma 3.1],
which was subsequently used to derive heat kernel estimates for non-local Dirchlet forms,
see [5, 8, 10, 12]. The aim of the present paper is to state a more general version of the
perturbation result in [15]. As a corollary, we recover the main result of [15] as a special
case. As it turns out, the generalization obtained here leads to a characterization of a weak
formulation of a variations of constants type estimate for positive semigroups.
To be more precise, let (Ω,F , m) be a localizable measure space, 1 6 p, q < ∞ and S
and T be positive C0-semigroups on L2(m) (over R). Assuming that S also acts on Lp(m)
and T also acts on Lq(m) we will characterize the validity of the (scalar) estimate
〈T (t)u , v′〉2,2 6 〈S(t)u , v
′〉2,2 + C
∫ t
0
〈T (t− s)u , g〉q,q′ 〈f , S(s)
′v′〉p,p′ ds (t > 0)
for suitable positive elements u, f, g, v′ by means of the generators of the two semigroups,
and also by their resolvents. Here,
〈ϕ , ψ〉p,p′ :=
∫
Ω
ϕψ dm
denotes the dual pairing of ϕ ∈ Lp(m) and ψ ∈ Lp′(m) = Lp(m)
′ with p′ = p
p−1
the dual
exponent. We shall also provide a strong formulation of this characterization, which can be
viewed as a perturbation result for positive semigroups on Lp-spaces.
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The results obtained have applications to kernel estimates for positive semigroups acting
on Lp-spaces, and can be used to derive heat kernel estimates (and in some cases also the
existence of a kernel) for semigroups induced by Dirichlet forms perturbed by non-local
parts. This leads to a further generalization of the heat kernel estimates obtained in [6]. In
fact, for some measure space (Ω,F , m), consider a closed accretive form τ0 on L2(m) such
that the functions of finite support are dense in D(τ0) (see below for precise definitions).
Let τ0 induce a positive and L∞-contractive (i.e. submarkovian) semigroup S. Perturbing τ0
additively by τj given by
τj(u) :=
∫
Ω×Ω
(u(x)− u(y))2j(x, y)dm2(x, y)
for some measurable j : Ω × Ω → [0,∞) satisfying certain integrability assumptions, we
obtain kernel estimates for the semigroup induced by τ := τ0 + τj in terms of the kernel of S
for j belonging to a sum of Lp-spaces in a sense to be specified below. Established results,
see [6, 15], work for bounded j and regular Dirichlet forms τ0.
The paper is organised as follows. In Section 2, we provide a technical lemma (Lemma
2.1) to be used in the main theorem of this article (Theorem 3.3). As it turns out, this
lemma can be viewed to describe a behavior of certain convolutions and, thus, may be of
independent interest. Section 3 introduces the framework and contains the statement of
our main theorem, and we also state some variants of it. In Section 4 we focus on kernel
estimates assuming that both semigroups have kernels. There we also show existence of a
kernel for T in the case q = 1. The concluding Section 5 deals with an application to heat
kernel estimates for non-local forms.
2 An auxiliary result
In this section we provide a key lemma needed in the proof of our main theorem.
Lemma 2.1. For n ∈ N let ϕn, ψn : [0,∞) × N0 → R be continuous in the first variable,
ϕ, ψ : [0,∞) → R, with ϕn(·, n) → ϕ uniformly on compacts, ψn(·, n) → ψ uniformly on
compacts. Assume ϕn(t, l) = ϕl(t ·
l
n
, l) for all n ∈ N, l ∈ N, t > 0, and similarly for ψn.
Then
1
n− 1
n−1∑
l=1
ϕn−1(t, n− l)ψn−1(t, l)→
∫ 1
0
ϕ(t(1− s))ψ(ts) ds =
∫ t
0
ϕ(t− s)ψ(s) ds (t > 0).
Proof. For n > 2 define µn :=
1
n−1
∑n−1
l=1 δl, δl the Dirac measure at l, and νn := µn(n·). Then,
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for λ denoting the Lebesgue measure, νn → λ weakly on (0, 1). Let t > 0. We compute
1
n− 1
n−1∑
l=1
ϕn−1(t, n− l)ψn−1(t, l) =
∫ n
0
ϕn−1(t, n− l)ψn−1(t, l) dµn(l)
=
∫ 1
0
ϕn−1(t, n(1− l))ψn−1(t, nl) dνn(l)
=
∫ 1
0
ϕn(1−l)(t
n
n−1
(1− l), n(1− l))ψnl(t
n
n−1
l, nl) dνn(l).
Let ε > 0, K := [0, 2t]. Then there exist 0 < a < b < 1 such that
sup
n∈N
∣∣∣∣
( ∫ a
0
+
∫ 1
b
)
ϕn(1−l)(t
n
n−1
(1− l), n(1− l))ψnl(t
n
n−1
l, nl) dνn(l)
∣∣∣∣ 6 ε.
Thus, it suffices to show that∫ b
a
ϕn(1−l)(t
n
n−1
(1− l), n(1− l))ψnl(t
n
n−1
l, nl) dνn(l)→
∫ b
a
ϕ(t(1− s))ψ(ts) ds.
There exists N ∈ N such that for all n > N we have
‖ϕn(·, n)− ϕ‖∞,K, ‖ψn(·, n)− ψ‖∞,K 6 ε,∣∣∣∣
∫ 1
0
ϕ(t(1− s)ψ(ts) d(νn(s)− λ(s))
∣∣∣∣ 6 ε,
and
sup
l∈[0,1]
∣∣ϕ(t n
n−1
(1− l))ψ(t n
n−1
l)− ϕ(t(1− l))ψ(tl)
∣∣ 6 ε
since ϕ and ψ are uniformly continuous onK. For n>N max{(1−a)−1, (1−b)−1, a−1, b−1}>
N we obtain∣∣∣∣
∫ b
a
ϕn(1−l)(t
n
n−1
(1− l), n(1− l))ψnl(t
n
n−1
l, nl) dνn(l)−
∫ b
a
ϕ(t(1− s))ψ(ts) ds
∣∣∣∣
6
∫ b
a
∣∣ϕn(1−l)(t nn−1(1− l), n(1− l))ψnl(t nn−1 l, nl)− ϕ(t nn−1(1− l))ψ(t nn−1 l)∣∣ dνn(l)
+
∫ b
a
∣∣ϕ(t n
n−1
(1− l))ψ(t n
n−1
l)− ϕ(t(1− l))ψ(tl)
∣∣ dνn(l)
+
∣∣∣∣
∫ b
a
ϕ(t(1− s))ψ(ts) d(νn(s)− λ(s))
∣∣∣∣
6
∫ b
a
∣∣ϕn(1−l)(t nn−1(1− l), n(1− l))− ϕ(t nn−1(1− l))∣∣∣∣ψnl(t nn−1 l, nl)∣∣ dνn(l)
+
∫ b
a
∣∣ϕ(t n
n−1
(1− l))
∣∣∣∣ψnl(t nn−1 l, nl)− ψ(t nn−1 l)∣∣ dνn(l) + ε+ ε
6
(
sup
n∈N,s∈K
|ψn(s, n)|+ sup
s∈K
|ϕ(s)|
)
ε+ 2ε.
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3 A perturbation result
We start by recalling the definition of a localizable measure space.
Definition. Let (Ω,F , m) be a measure space. Then (Ω,F , m) is called semifinite if for
all A ∈ F with m(A) = ∞ there exists B ∈ F such that B ⊆ A and 0 < m(B) < ∞.
Furthermore, we say that (Ω,F , m) is localizable if it is semifinite and for all E ⊆ F there
exists A ∈ F such that
(a) m(E \ A) = 0 for all E ∈ E ,
(b) If B ∈ F and m(E \B) = 0 for all E ∈ E , then m(A \B) = 0.
Note that every σ-finite measure space is localizable, and that a measure space is local-
izable if and only if L1(m)
′ = L∞(m) (with the canonical embedding), see e.g. [14, 11].
Let (Ω,F , m) be a localizable measure space, 1 6 p, q <∞. Let p′ be the dual exponent
defined by 1
p
+ 1
p′
= 1 (where 1
∞
:= 0), and similarly for q. For f ∈ Lp(m), g ∈ Lp′(m)
(= Lp(m)
′) we write
〈f , g〉p,p′ =
∫
Ω
fg dm
for the dual pairing. All vector spaces appearing will be real-valued and over the field R.
Lemma 3.1. Let S be a C0-semigroup on Lp(m), T a C0-semigroup on Lq(m). Let f ∈
Lp(m), v
′ ∈ Lp′(m), u ∈ Lq(m), g
′ ∈ Lq′(m). Then
1
t
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , S(s)
′v′〉p,p′ ds→ 〈u , g
′〉q,q′ 〈f , v
′〉p,p′ (t→ 0).
Proof. We compute
1
t
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , S(s)
′v′〉p,p′ ds− 〈u , g
′〉q,q′ 〈f , v
′〉p,p′
=
1
t
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , (S(s)
′ − I)v′〉p,p′ ds
+
1
t
∫ t
0
〈(T (t− s)− I)u , g′〉q,q′ 〈f , v
′〉p,p′ ds.
Since T is locally uniformly bounded and S(·)′ is weakly∗ continuous, the first term on the
right-hand side tends to zero as t → 0. Since T is strongly continuous the second term on
the right-hand side tends also to zero. Thus, the assertion follows.
Let T be a C0-semigroup on Lp(m) with generator A. Assume there exist M > 1, ω ∈ R
such that
‖T (t)u‖q 6Me
ωt‖u‖q (u ∈ Lp ∩ Lq(m), t > 0).
Since Lp ∩ Lq(m) is dense in Lq(m) we can thus extend T to a C0-semigroup Tq on Lq(m).
We will then say that T also acts on Lq(m). Let Aq be the generator of Tq. Then Aqu = Au
for all u ∈ Lp ∩ Lq(m).
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For formulating our main theorem, we shall need the following notion from semigroup
theory, see e.g. [9, p 61].
Definition. Let X be a Banach space, T a C0-semigroup on X with generator A. Then A
σ
given by
Aσ :=
{
(x′, y′) ∈ X ′ ×X ′; w∗- lim
t↓0
1
t
(T (t)′x′ − x′) = y′
}
.
is called the weak∗-generator of T (·)′.
Remark 3.2. It can be shown that Aσ = A′, the dual operator of the generator A of T , see
e.g. [9, p 61]. If X is a Banach lattice, then so is X ′ and if (λ − A)−1 is positive for some
real λ ∈ ρ(A), then so is (λ − A′)−1 = ((λ−A)−1)
′
. Note that, in general, A′ need not be
densely defined anymore.
Theorem 3.3. Let S, T be positive C0-semigroups on L2(m) with generators AS, AT , respec-
tively. Assume that S also acts on Lp(m) and T also acts on Lq(m). Let 0 6 f ∈ Lp(m),
0 6 g′ ∈ Lp′(m), C > 0. Then the following are equivalent:
(a) For t > 0 and 0 6 u ∈ L2 ∩ Lq(m), 0 6 v
′ ∈ L2 ∩ Lp′(m) we have
〈T (t)u , v′〉2,2 6 〈S(t)u , v
′〉2,2 + C
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , S(s)
′v′〉p,p′ ds.
(b) For all 0 6 u ∈ D(AT ) ∩ Lq(m), 0 6 v
′ ∈ D(AσS) ∩ Lp′(m) we have
〈ATu , v
′〉2,2 6 〈u , A
σ
Sv
′〉2,2 + C 〈u , g
′〉q,q′ 〈f , v
′〉p,p′ .
(c) For λ ∈ R sufficiently large and 0 6 u ∈ L2 ∩ Lq(m), 0 6 v
′ ∈ L2 ∩ Lp′(m) we have〈
(λ− AT )
−1u , v′
〉
2,2
6
〈
(λ−AS)
−1u , v′
〉
2,2
+C
〈
(λ−AT )
−1u , g′
〉
q,q′
〈
f , (λ− AσS)
−1v′
〉
p,p′
.
Proof. “(a)⇒(b)”: Let 0 6 u ∈ D(AT )∩Lq(m), 0 6 v
′ ∈ D(AσS)∩Lp′(m). For t > 0 we have〈
1
t
(T (t)u− u) , v′
〉
2,2
=
〈
1
t
T (t)u , v′
〉
2,2
−
〈
1
t
u , v′
〉
2,2
6
〈
1
t
(S(t)u− u) , v′
〉
2,2
+ C
1
t
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , S(s)
′v′〉p,p′ ds.
Now, the limit t→ 0 yields the assertion by Lemma 3.1.
“(b)⇒(c)”: Let λ ∈ R be sufficiently large, 0 6 u ∈ L2 ∩ Lq(m), 0 6 v
′ ∈ L2 ∩ Lp′(m).
Then 0 6 (λ−AT )
−1u =: u˜ ∈ D(AT )∩Lq(m) and 0 6 (λ−A
σ
S)
−1v′ =: v˜′ ∈ D(AσS)∩Lp′(m).
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Furthermore, 〈
(λ−AT )
−1u , v′
〉
2,2
−
〈
u , (λ−AσS)
−1v′
〉
2,2
= 〈AT u˜ , v˜
′〉2,2 − 〈u˜ , A
σ
S v˜
′〉2,2
6 C 〈u˜ , g′〉q,q′ 〈f , v˜
′〉p,p′
= C
〈
(λ− AT )
−1u , g′
〉
q,q′
〈
f , (λ− AσS)
−1v′
〉
p,p′
.
“(c)⇒(a)”: Let 0 6 u ∈ L2 ∩ Lq(m), 0 6 v
′ ∈ L2 ∩ Lp′(m). Let λ ∈ R be sufficiently
large. By induction on n ∈ N we obtain〈
(λ− AT )
−nu , v′
〉
2,2
6
〈
(λ− AS)
−nu , v′
〉
2,2
+ C
n∑
l=1
〈
(λ−AT )
l−n−1u , g′
〉
q,q′
〈
f , (λ− AσS)
−lv′
〉
p,p′
.
Indeed, the case n = 1 holds by assumption. For the inductive step from n ∈ N to n+ 1 we
observe 〈
(λ−AT )
−n−1u , v′
〉
2,2
=
〈
(λ− AT )
−1(λ− AT )
−nu , v′
〉
2,2
6
〈
(λ−AS)
−1(λ−AT )
−nu , v′
〉
2,2
+ C
〈
(λ− AT )
−1(λ− AT )
−nu , g′
〉
q,q′
〈
f , (λ− AσS)
−1v′
〉
p,p′
6
〈
(λ−AT )
−nu , (λ−AσS)
−1v′
〉
2,2
+ C
〈
(λ− AT )
−1(λ− AT )
−nu , g′
〉
q,q′
〈
f , (λ− AσS)
−1v′
〉
p,p′
6
〈
(λ−AS)
−nu , (λ−AσS)
−1v′
〉
2,2
+ C
n∑
l=1
〈
(λ−AT )
l−n−1u , g′
〉
q,q′
〈
f , (λ−AσS)
−l(λ− AσS)
−1v′
〉
p,p′
+ C
〈
(λ− AT )
−1(λ− AT )
−nu , g′
〉
q,q′
〈
f , (λ− AσS)
−1v′
〉
p,p′
.
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Let t > 0, and let n ∈ N be sufficiently large. Then〈(
1−
tAT
n
)−n
u , v′
〉
2,2
=
〈(n
t
)n (n
t
− AT
)−n
u , v′
〉
2,2
6
〈(n
t
)n (n
t
−AS
)−n
u , v′
〉
2,2
+ Ct
1
n
n∑
l=1
〈(n
t
)n+1−l (n
t
− AT
)l−n−1
u , g′
〉
q,q′
〈
f ,
(n
t
)l (n
t
− AσS
)−l
v′
〉
p,p′
=
〈(
1−
tAS
n
)−n
u , v′
〉
2,2
+ Ct
1
n
n∑
l=1
〈((
1−
tAT
n
)−1)n+1−l
u , g′
〉
q,q′
〈
f ,
((
1−
tAσS
n
)−1)l
v′
〉
p,p′
.
Set fn(t, l) :=
〈((
1− tAT
n
)−1)l
u , g′
〉
q,q′
, gn(t, l) :=
〈
f ,
((
1−
tAσ
S
n
)−1)l
v′
〉
p,p′
. By Lemma
2.1 and the exponential formula we obtain, as n→∞,
〈T (t)u , v′〉2,2 6 〈S(t)u , v
′〉2,2 + Ct
∫ 1
0
〈T (t(1− s))u , g′〉q,q′ 〈f , S(ts)
′v′〉p,p′ ds
= 〈S(t)u , v′〉2,2 + C
∫ t
0
〈T (t− s)u , g′〉q,q′ 〈f , S(s)
′v′〉p,p′ ds.
We can prove a similar statement to Theorem 3.3 (with essentially the same proof) by
using the exponential growth bound for the semigroup T on Lq(m) and correspondingly the
norm estimate for the resolvent (λ− AT )
−1 on Lq(m):
Theorem 3.4. Let S, T be positive C0-semigroups on L2(m) with generators AS, AT , respec-
tively. Assume that S also acts on Lp(m) and T also acts on Lq(m). Let M > 1, ω ∈ R
such that ‖T (t)u‖q 6Me
ωt‖u‖q for all t > 0 and u ∈ Lq(m).
Let 0 6 f ∈ Lp(m). Then the following are equivalent:
(a) There exists C > 0 such that for all t > 0 and 0 6 u ∈ L2∩Lq(m), 0 6 v
′ ∈ L2∩Lp′(m)
we have
〈T (t)u , v′〉2,2 6 〈S(t)u , v
′〉2,2 + C
∫ t
0
eω(t−s)‖u‖q 〈f , S(s)
′v′〉p,p′ ds.
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(b) There exists C > 0 such that for all 0 6 u ∈ D(AT )∩Lq(m), 0 6 v
′ ∈ D(AσS)∩Lp′(m)
we have
〈ATu , v
′〉2,2 6 〈u , A
σ
Sv
′〉2,2 + C‖u‖q 〈f , v
′〉p,p′ .
(c) There exists C > 0 such that for all λ ∈ R sufficiently large and 0 6 u ∈ L2 ∩ Lq(m),
0 6 v′ ∈ L2 ∩ Lp′(m) we have〈
(λ− AT )
−1u , v′
〉
2,2
6
〈
(λ−AS)
−1u , v′
〉
2,2
+
C
λ− ω
‖u‖q
〈
f , (λ− AσS)
−1v′
〉
p,p′
.
Now, instead of a weak fomulation (using dual pairings) in Theorem 3.4, we want to
prove a strong verion of this Theorem. We need some preparation.
Lemma 3.5. Let f ∈ Lp(m), g ∈ Lq(m). The following are equivalent:
(a) f + g > 0.
(b) 〈f + g, v′〉Lp(m)+Lq(m),Lp′∩Lq′ (m) > 0 for all 0 6 v
′ ∈ Lp′ ∩ Lq′(m).
As a Corollary, we can obtain the strong version of Theorem 3.4.
Corollary 3.6. Let S, T be positive C0-semigroups on L2(m) with generators AS, AT , re-
spectively. Assume that S also acts on Lp(m) and T also acts on Lq(m). Let M > 1, ω ∈ R
such that ‖T (t)u‖q 6Me
ωt‖u‖q for all t > 0 and u ∈ Lq(m).
Let 0 6 f ∈ Lp(m). Then the following are equivalent:
(a) There exists C > 0 such that for all t > 0 and 0 6 u ∈ L2 ∩ Lq(m), we have
T (t)u 6 S(t)u+ C
∫ t
0
eω(t−s)‖u‖qS(s)f ds.
(b) There exists C > 0 such that for all 0 6 u ∈ D(AT )∩Lq(m), 0 6 v
′ ∈ D(AσS)∩Lp′(m)
we have
〈ATu , v
′〉2,2 6 〈u , A
σ
Sv
′〉2,2 + C‖u‖q 〈f , v
′〉p,p′ .
(c) There exists C > 0 such that for all λ ∈ R sufficiently large and 0 6 u ∈ L2 ∩ Lq(m)
we have
(λ− AT )
−1u 6 (λ−AS)
−1u+
C
λ− ω
‖u‖q(λ− AS)
−1f.
Proof. Using Theorem 3.4, we realize that it suffices to observe that the statements (a),(b)
and (c) from Theorem 3.4 are equivalent to the corresponding ones here. For this, note that
there is nothing to show for the statement (b) and that the remaining equivalences follow
from Lemma 3.5.
The main result of [15] can be seen as a variant of Corollary 3.6. There, the authors
worked with p =∞, p′ = 1 and f = 1Ω (note that we require p <∞ here; in order to obtain
the case p =∞ one needs another duality argument as in [15]).
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4 Kernel estimates
Let (Ω,F , m) be σ-finite. Let S, T be positive C0-semigroups on L2(m) with generators
AS, AT , respectively, 1 6 p, q < ∞. Assume S has a kernel k
S : (0,∞) × Ω2 → R on L2 ∩
Lp(m), i.e.
S(t)u =
∫
Ω
kS(t, ·, y)u(y) dm(y) (u ∈ L2 ∩ Lp(m), t > 0),
and similarly let T have a kernel kT on L2 ∩ Lq(m).
We can now use our result to prove kernels estimates for T in terms of the kernel for S.
Corollary 4.1. In the above situation, let S also act on Lp(m) having a kernel k
S on
L2 ∩ Lp(m), and T also act on Lq(m) having a kernel k
T on L2 ∩ Lq(m). Assume there
exists 0 6 f ∈ Lp(m), 0 6 g
′ ∈ Lq′(m), C > 0 such that
〈ATu , v
′〉2,2 6 〈u , A
σ
Sv
′〉2,2 + C 〈u , g
′〉q,q′ 〈f , v
′〉p,p′
for all 0 6 u ∈ D(AT ) ∩ Lq(m), 0 6 v
′ ∈ D(AσS) ∩ Lp′(m). Then
kT (t, x, y) 6 kS(t, x, y) + C
∫ t
0
∫
Ω
kT (t− s, w, y)g′(w) dm(w)
∫
Ω
kS(s, x, z)f(z) dm(z) ds
for m2-a.a. (x, y) ∈ Ω2 and t > 0.
Proof. The kernel estimate follows from the corresponding estimate for the semigroups in
Theorem 3.3 and reasoning as in the proof of [16, Korollar 2.1.11].
Remark 4.2. Note that we can choose p = q = 2 in the preceeding corollary.
In case q = 1, we can make use of Corollary 3.6 to even deduce the existence of a kernel
kT for T .
Corollary 4.3. In the above situation with q = 1, let S also act on Lp(m) having a kernel
on L2 ∩ Lp(m), and T also act on L1(m). Assume there exists 0 6 f ∈ Lp(m), C0 > 0 such
that
〈ATu , v
′〉2,2 6 〈u , A
σ
Sv
′〉2,2 + C0‖u‖1 〈f , v
′〉p,p′
for all 0 6 u ∈ D(AT ) ∩ L1(m), 0 6 v
′ ∈ D(AσS) ∩ Lp′(m).
Then T has a kernel kT : (0,∞)× Ω2 → R on L2 ∩ Lq(m), and there exists C > 0 such
that
kT (t, x, y) 6 kS(t, x, y) + C
∫ t
0
eω(t−s)
∫
Ω
kS(s, x, z)f(z) dm(z) ds
for m2-a.a. (x, y) ∈ Ω2 and t > 0.
Proof. The existence of a kernel for T follows from [1, Theorem 5.9] (note that ‖u‖1 =∫
1 · u dm for 0 6 u ∈ L2 ∩L1(m)). The kernel estimate then follows from the corresponding
estimate for the semigroups in Corollary 3.6(a) and reasoning as in the proof of [16, Korollar
2.1.11].
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5 Application to perturbations of forms by jump parts
Let (Ω,F , m) be a measure space. We give a short introduction to forms on L2-spaces; for
more information see e.g. [13, 2].
A bilinear map τ : D(τ) × D(τ) → R, where D(τ) is a subspace of L2(m), is called a
form. We write τ(u) := τ(u, u) for the corresponding quadratic form. A form τ is densely
defined if D(τ) is dense in L2(m). It is called accretive if τ(u, u) > 0 for all u ∈ D(τ). τ is
called continuous if there exists M > 0 such that
|τ(u, v)| 6M‖u‖τ‖v‖τ (u, v ∈ D(τ)),
where ‖·‖τ :=
(
τ(·) + ‖·‖22
)1/2
is the form norm. We say that τ is closed if (D(τ), ‖·‖τ ) is
complete.
Remark 5.1. Let τ be densely defined, accretive, continuous and closed. Then we can
associate an operator A to τ via
A := {(u, v) ∈ L2(m)× L2(m); u ∈ D(τ), τ(u, ϕ) = (v |ϕ) (ϕ ∈ D(τ))}.
Note that A is an m-accretive operator, i.e. (Au |u) > 0 for all u ∈ D(A) and R(I + A) =
L2(m). Furthermore, −A generates a contractive C0-semigroup (e
−tA)t>0 on L2(m).
The following remarks describing Ouhabaz type criteria for invariant subsets are conse-
quences of [4, Proposition 2.9] and [2, Remark 9.3]; see also [13, Theorem 2.6 and Theorem
2.13] and [2, Theorem 10.12] for related results.
Remark 5.2. Let τ be a densely defined accretive continuous closed form in L2(m) (over
R), A the associated operator and T = (e−tA)t>0 the associated C0-semigroup. The following
are equivalent.
(a) T is positive, i.e. T (t)u > 0 for all 0 6 u ∈ L2(m), t > 0.
(b) For u ∈ D(τ) we have u+ ∈ D(τ) and τ(u+, u−) 6 0.
Remark 5.3. Let τ be a densely defined accretive continuous closed form in L2(m) (over
R), A the associated operator and T = (e−tA)t>0 the associated C0-semigroup. The following
are equivalent.
(a) T is positive and L∞-contractive, i.e. ‖T (t)u‖∞ 6 ‖u‖∞ for all u ∈ L2(m) ∩ L∞(m),
t > 0.
(b) For u ∈ D(τ) we have u ∧ 1 ∈ D(τ) and τ(u ∧ 1, (u− 1)+) > 0.
Remark 5.4. Let τ be a densely defined accretive continuous closed form in L2(m) (over
R), A the associated operator and T = (e−tA)t>0 the associated C0-semigroup. The following
are equivalent.
(a) T is positive and L1-contractive, i.e. ‖T (t)u‖1 6 ‖u‖1 for all u ∈ L2(m)∩L1(m), t > 0.
(b) For u ∈ D(τ) we have u ∧ 1 ∈ D(τ) and τ((u− 1)+, u ∧ 1) > 0.
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Let τ0 be a densely defined accretive continuous closed form on L2(m) with associated
operator A0 and C0-semigroup S = (e
−tA0)t>0, such that S is positive and contractive in
L1(m) or L∞(m) (cf. the Remarks 5.2, 5.3 and 5.4). Then S also acts on Lp(m) for all
1 6 p 6 2 or 2 6 p < ∞, respectively, by interpolation. Note that if τ0 is symmetric, i.e.
τ0(u, v) = τ0(v, u) for all u, v ∈ D(τ0), then A0 is self-adjoint and also S(t) is self-adjoint for
all t > 0. By duality, we then obtain that S acts on the whole scale of Lp(m)-spaces.
Furthermore, let us assume
Dfin := {u ∈ D(τ0); m([u 6= 0]) <∞}
is dense in D(τ0).
Let j : Ω×Ω→ R be measurable, j > 0, such that
∫
B
j(x, y) dm2(x, y) <∞ for all Borel
sets B ⊆ Ω2 such that m2(B) <∞. Consider
D(τ) :=
{
u ∈ D(τ0);
∫
Ω×Ω
(u(x)− u(y))2j(x, y) dm2(x, y) <∞
}
,
τ(u, v) := τ0(u, v) +
∫
Ω×Ω
(u(x)− u(y))(v(x)− v(y))j(x, y) dm2(x, y).
Lemma 5.5. τ is densely defined, accretive, continuous and closed.
Proof. To show that τ is densely defined it suffices to approximate elements of Dfin by
elements of D(τ). Let u ∈ Dfin. Since S is positive without loss of generality we may assume
that u > 0. Since S is contractive in L1(m) or in L∞(m), we have un := u ∧ n ∈ D(τ0) for
all n ∈ N. Since [un 6= 0] = [u 6= 0] for all n ∈ N we observe∫
Ω×Ω
(un(x)− un(y))
2j(x, y) dm2(x, y) 6 (2n)2
∫
[u 6=0]×[u 6=0]
j(x, y) dm2(x, y) <∞ (n ∈ N),
i.e. un ∈ D(τ) for all n ∈ N. Since un → u in L2(m) the form τ is densely defined.
Since j > 0 we have τ(u, u) > τ0(u, u) > 0 for all u ∈ D(τ), implying that τ is accretive.
Since τ0 is continuous there exists M > 0 such that |τ0(u, v)| 6 M‖u‖τ0‖v‖τ0 for all
u, v ∈ D(τ0). Since the bilinear form (u, v) 7→
∫
Ω×Ω
(u(x)−u(y))(v(x)− v(y))j(x, y) dm(x, y)
is symmetric and accretive we obtain ‖·‖τ0 6 ‖·‖τ and by the Cauchy-Schwarz inequality∫
Ω×Ω
(u(x)− u(y))(v(x)− v(y))j(x, y) dm2(x, y)
6
(∫
Ω×Ω
(u(x)− u(y))2j(x, y) dm2(x, y)
)1/2(∫
Ω×Ω
(v(x)− v(y))2j(x, y) dm2(x, y)
)1/2
6 ‖u‖τ‖v‖τ (u, v ∈ D(τ)).
Thus,
|τ(u, v)| 6 M‖u‖τ‖v‖τ + ‖u‖τ‖v‖τ = (M + 1)‖u‖τ‖v‖τ (u, v ∈ D(τ)),
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i.e. τ is continuous.
To show closedness of τ let (un)n be a ‖·‖τ -Cauchy sequence in D(τ) such that un → u
in L2(m). Without loss of generality (by choosing a suitable subsequence) we may assume
that un → u m-a.e. Since τ0 6 τ the sequence (un)n is also a ‖·‖τ0-Cauchy sequence. Since
τ0 is closed we obtain u ∈ D(τ0) and ‖un − u‖τ0 → 0. By Fatou’s lemma we have∫
Ω×Ω
(
(u− un)(x)− (u− un)(y)
)2
j(x, y) dm2(x, y)
=
∫
Ω×Ω
lim inf
m→∞
(
(um − un)(x)− (um − un)(y)
)2
j(x, y) dm2(x, y)
6 lim inf
m→∞
∫
Ω×Ω
(
(um − un)(x)− (um − un(y)
)2
j(x, y) dm2(x, y)
6 lim inf
m→∞
‖um − un‖
2
τ → 0 (n→∞).
In particular, u− un ∈ D(τ) and therefore u ∈ D(τ). Furthermore,
τ(u− un) 6 τ0(u− un) + lim inf
m→∞
∫
Ω×Ω
(
(um − un)(x)− (um − un(y)
)2
j(x, y) dm2(x, y)→ 0
which implies ‖u− un‖τ → 0, i.e. τ is closed.
Let A be the operator associated with τ and T = (e−tA)t>0 be the C0-semigroup.
Lemma 5.6. The semigroup T is positive. If S is contractive in L1(m), then T is contractive
in L1(m), and therefore acts on Lq(m) for all 1 6 q 6 2. If S is contractive in L∞(m), then
T is contractive in L∞(m), and therefore acts on Lq(m) for all 2 6 q <∞.
Proof. Let u ∈ D(τ). Since S is positive we have u+ ∈ D(τ0) and τ0(u
+, u−) 6 0. Note that
(u+(x)− u+(y))2 6 (u(x)− u(y))2 for m2-a.a. (x, y) ∈ Ω2. This implies u+ ∈ D(τ) and
τ(u+, u−) = τ0(u
+, u−) +
∫
Ω×Ω
(u+(x)− u+(y))(u−(x)− u−(y))j(x, y) dm2(x, y) 6 0.
Hence, T is positive.
Assume that S is contractive in L1(m). Then we have u∧ 1 ∈ D(τ0) and τ0((u− 1)
+, u∧
1) > 0. Let u ∈ D(τ). Since
Ω× Ω =
(
[u > 1]× [u > 1]
)
∪
(
[u > 1]× [u < 1]
)
∪
(
[u < 1]× [u > 1]
)
∪
(
[u < 1]× [u < 1]
)
,
an easy computation yields
τ((u− 1)+, u ∧ 1)
= τ0((u− 1)
+, u ∧ 1) +
∫
Ω×Ω
(
(u− 1)+(x)− (u− 1)+(y)
)(
(u ∧ 1)(x)− (u ∧ 1)(y)
)
j(x, y) dm2(x, y)
> 0.
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Hence, T is L1-contractive. Since T is L1-contractive and also L2-contractive, it acts on the
whole scale of Lq(m) with 1 6 q 6 2 by interpolation.
Now, assume that S is contractive in L∞(m). Then we have u ∧ 1 ∈ D(τ0) and τ0(u ∧
1, (u− 1)+) > 0. As in the case of S being L1-contractive, we obtain
τ(u ∧ 1, (u− 1)+) > 0 (u ∈ D(τ)).
Hence, T is L∞-contractive. Since T is L∞-contractive and also L2-contractive, it acts on
the whole scale of Lq(m) with 2 6 q <∞ by interpolation.
Note that if τ0 is symmetric then also τ is symmetric and hence A is self-adjoint and T (t)
is self-adjoint for all t > 0.
We will now focus on the case q = 1 and q′ =∞, meaning that T is also acting on L1(m).
We distinguish the following cases:
Case 5.7 (1 6 p <∞). Assume∫
Ω
j(x, ·) dm(x),
∫
j(·, y) dm(y) ∈ L∞(m).
Case 5.8 (1 6 p 6 2). Assume∫
Ω
j(x, ·) dm(x),
∫
j(·, y) dm(y) ∈ L∞(m) + L 2p
2−p
(m).
In either of these cases, we may further assume that [x 7→ ‖j(x, ·)‖∞], [y 7→ ‖j(·, y)‖∞] ∈
Lp(m). For 0 6 u ∈ D(A) ∩ Lq(m), 0 6 v ∈ D(A
σ
0 ) ∩ Lp′(m), we compute using j > 0
(−Au | v)− (u |−Aσ0v) = τ0(u, v)− τ(u, v)
= −
∫
Ω×Ω
(u(x)− u(y))(v(x)− v(y))j(x, y) dm2(x, y)
6
∫
Ω×Ω
u(y)v(x)j(x, y) dm2(x, y) +
∫
Ω×Ω
u(x)v(y)j(x, y) dm2(x, y)
=
∫
Ω
v(x)
∫
Ω
u(y)j(x, y) dm(y) dm(x)
+
∫
Ω
v(y)
∫
Ω
u(x)j(x, y) dm(x) dm(y)
6
∫
Ω
v(x)‖u‖1‖j(x, ·)‖∞ dm(x) +
∫
Ω
v(y)‖u‖1‖j(·, y)‖∞ dm(y)
= ‖u‖1 〈[x 7→ ‖j(x, ·)‖∞] + [y 7→ ‖j(·, y)‖∞] , v〉p,p′ .
Thus, we can apply Corollary 3.6 to obtain an estimate of the semigroup T in terms of
the semigroup S. For the kernel estimates we apply Corollary 4.3.
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Theorem 5.9. Let (Ω,F , m) be a σ-finite measure space. Let τ0, S, AS, j, τ, T, AT as above,
where we assume one of the Cases 5.7 or 5.8 to be satisfied. Assume [x 7→ ‖j(x, ·)‖∞], [y 7→
‖j(·, y)‖∞] ∈ Lp(m). Assume that S has a kernel k
S on L2 ∩ Lp(m). Then T has a kernel
kT on L2 ∩ L1(m) satisfying
kT (t, x, y) 6 kS(t, x, y) + C
∫ t
0
∫
Ω
kS(s, x, z)
(
‖j(z, ·)‖∞ + ‖j(·, z)‖∞
)
dm(z) ds
for m2-a.a. (x, y) ∈ Ω2, t > 0 and some C > 0.
Remark 5.10. In the situation of Theorem 5.9 one can even show that C = 1. In order to
prove this one needs to realize that T is a contraction on L1(m), that the corresponding C0
from Corollary 4.3 equals 1 and that C can be computed from C0 and the norm estimate of
the resolvent of AT on L1(m).
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